







































































Math 1510 Week 10,11 es Find 1x3e dx
Reduction formula Sol Take a I in the last reductionformula

IX DX nZo a 1 0 is constant Then In n In X e

Goal Lowerdegreeof I 3 I X'e

Try Integrationbyparts 3121 x'e X'e
Integrate eat differentiateX f I 3 e X x'e

Sol Let In _fine dx 61Io Xe 3x'e x'e
In a'fine dlar bye d Coxe sie x'e
atfx dear
ta Heat feardin

e76 16 13 4 3 C

La neat fn n eardx EX Find a Reduction formla for Ineffluxnd

In at fine n In Reduction
Ans In thnx n In

formula










































































eg let In_fXncosXdX for n70 es let In yf dx for a 0,12
Find a reductionformula for In Find a reductionformula for In

Sol For nZ2 Hint write 1 HX x

In Xncosxdy
Tolower n should
integrate cost Sol

gyndsinx
differentiate Xn In

Hx X d
XMHX

insinx fsinxdx In ntu DX

Xnsinx nfxn sinxdx Another
integrationbyparts Be infant In a it nZ2

x sinx t nJx dcosx careful
In1 1 Io if n I

nsin tnµ cosX IcostDX
eg Io enlitxl t C

Xnsinxtnx Cosi Nn 1 fXmcosXdX I In 1 1 lull 1 1 t C
Xnsinx thx Cosi Nn 1 In a Iz lulxt Intitxl t C










































































eg Find Reduction formula for

In Stannard and Jn fseixdx
Sol

In_Stan xdx nz2 Jn fsecn2xseixdx

ftann.hr seix 1 dx fsecn kdtanx

ftanmxseixdx ftanmxdx
secnktanxftanxdsecn.ir
secn2xtanx lnyftanxse.cn Xlsecxtanx dx

tank dtanx In 2
secnzxtanx cnzsfsec.mx seEX l dX

n tan X In 2
seen'xtanx Ln 2 Jn Jn 2

n 1 Jn seen'Xtanxtln 2 Jaz

Jn n seiktanxth Jn z










































































Definite Integral Rmk fbafcxtdx ft.at dt
P T

Defn For aEb define Thenameofthevariableis notimportant

labfix dX signed area underthegraph
It is called dummyvariable

of fix between x a and b es fix X

b a 4 y y xIf a b define fix d fixDX
a b WHY

4Picture acts
2

Yr g fix

a 4
x faxDX Area of Areaof E

t I b

t I 14114 2 12

b
Jafar dx Areaof I Areaof It 6

















































Riemann Sam

eg let fix _x Approximate fix Dx

Divide 1,2 into n intervals Ia Iz In Lengthofeach Ik In In
I 1 Itf I 14th HE Ik Itkn I 1In o

Approximate Areaundergraphusingrectangles 1RiemannSum

Picture for n 5 13 differentwaysbelow

1

left K Right Midpoint n l 2k 1
Riemann sum EETfl't n l Riemann sum FE Htt Riemann sum_TETH't an










































































We approximate fifixsdx_f X dx Formula
in

Using Right RiemanSum maflktbglk a mflk 1 b mglk

Total area of rectangles II k I 121 3 1 tn Mutt
n
215 142434 tri f ninthIn12In f Ith k i

II th Ith Bigger n Better approximation

7 it t Take n os

Totalareaof y Areaunder

44 ftp.fEktntsiEkY rectangles graph

th n t F tinknti th f ninthuntil I X'DX 211 1 Ht f ith 12th

It Ith t f Itf 12th It Ito 1 f Ito 2 0

31










































































Properties of Definite Integrals Let aeb If fix egix on a b

faafix dX 0 then

fbafixldxsfbagixldx.TObafcxjdx faflHdX If me fix EM on a b

fbafixldx fcaflxdx fct.fiHdx thenMlb a Elbafix dxe Mlb a

For constants xp Note fix Eftx E fix on a b

fba afar 113GWdx fablfcxydxefbafixldxe.la ftxYdx

xfabfcxjdxtpbaglxldX ie Ibafix dx e fabHamdi

5bO

I

it i ii a

a c b a b a b i










































































Fundamental Theorem of Calculus FundamentalTheoremof Calculus FTC
Given a function f let Differentiate an integral
Fix f It dt let fit be a continuousfunctionand

Signedarea underthegraphof f Fix f It dt
from a to X Then

Ya g fit
F'IX adjfffltsdt fix

I 1 F is an antiderivativeof fix
Mr 11 I
eaE Integrate a derivative

ta X Xth If Fix fix then
Fixth Fix Fahfltidt fatthdt fba fix dx E lb Fla

fHah f that 1 fltdt
pmk FTC can be provedusing a MVTfthfitidt Area of EI for integration

fix h Area of II










































































Differentiate an integral c guk ftp.sectdt
of FTC Sol gin f sectdt
f is continuous ftp.afttldt fx gin lady sectdt dd s

eg Find g IX if 4 3 seek
a gixi fflnlt.tk dt
Sol FTC gixs lnlx.tk d GH It Idt

b guk SIesintdt
Sol 81 1 1 ltldt f.n.lt dt

Sol gixs ddf.iesintdt day
Hdt Js that

XZ

esinx z
94 1 105 1 cost Is.hr lsinxY

lcosxlsinx lsmxlcosX










































































Computedefinite integral Definite integralby Substitution
of FTC let U ucx

Ulb
If I fix dx Fix fbafiucxju.cnDX flu dU

Ula
Then fbafix dx Fcb Fla

in terms of X intermsof a

Notation Fir ba Full Hb Fla eg foxeidx
effo43X.tl dx fx3tX o Soe let a X du 2xdX

23 12 0310 When x 2 u 5 4

10 When X O u O O

Q Can we use another derivative ffxetdx zffeudu ffeYI zle.EE
A Sure Anotherderivative L e I

J 3 41 dX X'TX 12 AlternativeSue Easierforsimplesubstitution
23 21 2 0310 2

e r foredx Ifoe dx flex Ice l
to cancel










































































eg JE DX Integrationbyparts for definiteintegralItsinx

Sol Lett tan'E
Then dx EYE sink

Pandu UV fbardu

When x o t O

x IL t I efflux DX

2dt flux I xdlnxI if oit e HE
nem mini I X Edt

IEIzt nenn Ext
2dlitt
http nlan In 1

L It nenn n 11

21 1 I










































































Reduction formula for definiteintegral
Hence

eg Let In _f X Il X DX Itn 3 In Nj In 2Find Reductionformula Find 15
13in 1 In n 1 In 2

Sol
In n 1

In X Il X Xdx n 12 In 2

Ig x Ii x7 dH X 15 47 Is

Iz E f X da if Ey FI
f x Ii KEI fol x'Fdx Is Sloth x DX

t o in 1 x 211 x111xadx 3851 E f H X dellXT

I X 41 x dx foxy x dx 5
l X K

h In a In 55 0 E










































































Improper Integral 9 If dx light dxt
Sometimes it is possibleto integrate a function t
over an interval of infinite length 5 f

din
Def If fix is defined on a as and t so f ft l

t IfindJafar dX exists then define

as t

a find findfatalDX

Similarly if fix is defined on C as b and Y
him fbfix dx exists then define Areaof shadedregion _It s as t

Jb finds Limfbfix dX n
as t n t I 2 3 4 S








































































Sffdx limfffdx Compare the two cases
t

liffenki Ft
t

YflnHI y

A DIVE

Over the interval 1 as

g
Area under

y f
Cs Area under

yArea
of shadedarea is as y

R mu










































































It mayalsob possible to integrate a Animproperintegral is called
convergent

exists divergentfunctionnot definedat an endpoint
if the associatedlimit

of the intervalof integration DNE

Def If fix is defined on a b and eg Note tanx is notdefined at with

t
t.im afcHdx exists thendefine LIYE tanX to

b t
I find himlatex dx IFtanxdx fi.mg ottanxdx
a t b

dim t
Similarly if fex is defined on a b and t ln Iseex to
time fffixidx exists thendefine ftp.z.lnsectl ln

secoJbfixldxlimfbfcxdX l im
a at t t InfectI

A DIVE
The integrals defined in the last two
definitions are calledimproper integrals

tanxdx is divergent










































































es is not defined at 0 with Graphs

t.im as a

i
f dx ftp lt dx i

l

n l

fist12hr1t g tank if
fifty 2ft i

2 250

z We
O Iz O p

fo dx is convergent
Area _A Area _2



The examples ofimproper integralsdiscussed figsarctano arctant t
involvetaking limit at one endpoint
It is possible for an improperintegral IITs arctant arctano

tohave limits involved at bothendpoints o l E It Iz o
Such an integral can be computed by n

splitting the integral into two

DX 4 14 2DX
Is it ummm

If ftp.t If I
Area of shadedregion it

fins II first IF


